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TiB-RY OF THE QUASI-OPrICAL E=L " CYCLanION MASER

I. IlNrROEUJrION

At the present time, two classical radiation mechanisms, i.e., the

free electron laser (1-9) (FEL) and electron cyclotron maser ( 10 - 19) (ECM),are

under extensive study because of the great potential they show as new

classes of coherent radiation sources. Experimental results on the
(EL( 20 - 2 2) and EC( 2 2 - 2S) have been very encouraging.

In free electron lasers the active medium is a beam of relativistic

* electrons. Such sources have the potential for generating coherent radia-

tion ranging from the millimeter to the optical regime and beyond. They

are frequency tunable and in principle extremely efficient generators of

intense radiation.

The electron cyclotron maser in its present form has reached a far

.more mature stage of development than the FEL. In the millimeter regime,

electron cyclotron masers have generated power levels substantially higher
and more efficiently than the more conventional radiation sources. Experi-

mental efficiencies are impressive, e.g., 22% efficiency at X = 2am with a

CY output power of 22 kW. (23)

In this paper we propose and analyze a new electron cyclotron maser

oscillator configuration, which utilizes an open resonator cavity. Our

quasi-optical cyclotron maser has a unique potential for becoming a new

type of coherent radiation source. In principle, the device is capable
of generating coherent radiation in the millimeter to submillizieter regime,

Manuscript submitted October 6, 1980.
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at power levels in excess of magawatts, with efficiencies exceeding S0%.

The basic structure consists of an open resonator containing a beam of

electrons gyrating about, as well as streaming parallel to, an applied

magnetic field. The magnetic field is directed transverse to the axis of

the open resonator, which consists of two or more appropriately curved

mirrors. Moderately low electron beam energies can be used, i.e., 10-100

keV, even though the wave-particle interaction mechanism is due to relativ-

istic effects. This configuration has a number of distinct advantages over

the more conventional radiation sources. Some of these advantages are:

i) extremely high operating power levels, ii) high operating frequency,

iii) high efficiency and, iv) natural transverse mode selection. Since we

utilize an open resonator and, thus, have a large interaction volume, the

input electron beam power can be extremely high while the power density can

be kept moderately low. The usual limitations on beam power imposed by

space charge effects can therefore be overcome. Since the wave-particle

interaction is fairly efficient (50%), high radiation power levels can be

achieved. The operating frequency is limited solely by the external

magnetic field and is independent of the dimensions of any physical

structure. Favorable coupling between the electrons and radiation field

occurs near harmonics of the relativistic cyclotron frequency.

A quasi-optical resonator has many modes which in principle can experi-

ence gain, producing a multi-mode output signal. The fundamental transverse

resonator mode can be preferentially excited in the open resonator. If

the mirrors in the open resonator are made large enough to intercept a

large fraction of the flux in the fundamental mode, we may expect this

mode to have a large Q. The higher order modes can be expected to have a

substantially smaller Q since they suffer from diffraction losses. This
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is an advantage over a closed cavity, where all modes would have comparable

values of Q. Longitudinal modes in resonance within the resonator can

undergo gain and produce a multi-mode output signal, unless they are
suppressed. Longitudinal mode selection can be achieved by employing a
mode selection; one such selector is the Smith-Fox interferometer. (26)

This new maser configuration, like the conventional electron cyclotron

maser (gyrotron), has a wide range of practical applications. These appli-

cations range from electron cyclotron heating of fusion plasmas to advanced

radar and communications systems. Because of the high field level, short

wavelength and extended interaction volume, the quasi-optical maser may be

a natural electro-magnetic pump source for a free electron laser. In this

application a second highly relativistic electron beam propagating along the

axis of the open resonator would interact with the resonator field and

induce high frequency radiation. The frequency of the scattered radiation

would be - 4-y 2W, where -Y is the longitudinal gamma factor of the second
y

relativistic electron beam and w is the frequency of the quasi-optical

maser.

3I
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II. NON-LINEAR ANALYSIS OF QUASI-OPTICAL MASER

The quasi-optical cyclotron maser configuration is depicted in Figure 1.

The lowest order mode is the well known TEM0 Gaussian radiation bean see

Figure 2. For the electric field vector primarily polarized in the x

direction, the field components of this mode are

Ex (x,y,z,t) = E (x,y,z) sin (ky + a(x,y,z)) cos wt, (la)

B (s,y,z,t) = E (xy,z) cos (kyY + a(x,y,z)) sin wt, (Ib)
z yy

where ky=w/c, E(x,y,z)=Eo(ro/rs(y))exp(-(x2+z2 )/r2 s(y)), ct(x,y,z)=

R-l(y)(x 2+z2)(w/c)/2 - tan 1 (y/yR),

w is the radiation frequency, E0 is the field amplitude at the origin, ro

is the minimum spot size at the plane y=O, rs(Y) = ro (+Y/y) is

the spot size at the plane y, YR = ro2w/2c is the Rayleigh length and

R(y) = y(l+YR /y2) is the radius of curvature of the spherical wavefront

at y. The y components of the field are Ey= - (c/w)a Ex/ ax and

By= - (c/w) Bz / az. Note that EyliByl << IExI, IBzI. One can show that

the E and B fields satisfy the appropriate boundary conditions on the

mirror. This is equivalent to saying that the mirror radius of curvature

equals the wavefront radius of curvature.

The intermode frequency spacing is 6w = ic/L where L is the

separation between the mirrors and the diffraction angle of the radiation

is 0d = /rr0 where A = 2 nc/w Is the radiation wavelength.

Other orientations of the external magnetic field and, hence, the

gyrating electric beam are possible. Careful analysis, however, shows

that these other configurations may not be as straightforward to implement.
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For example, another possible configuration is where the magnetic field

and the streaming electrons are directed along the y axis. It can be

shown that to maintain wave-particle coherence the thermal spread in the

y component of electron velocity must satisfy SVy'Vy << %/2-L. For long

resonators this condition places a rather stringent requirement on the

electron beam quality.

In Figure 1, the gyrating beam electrons rotate in the x-y plane

and stream along the external magnetic field B. which is directed along

the z axis. For convenience we locate the sheet electron beam of width

Lb on the y-z planeas shown in Figure 1. Furthermore, for reasons of

analytic simplicity,we take the guiding centers of the electrons, upon

entering the resonator fields, to lie on the y-z plane. Also the electrons,

upon entering the resonator, are assumed to have the same transverse and

parallel velocities.

Strong coupling between the electrons and resonator field will occur

at frequencies near multiples of the relativistic electron cyclotron fre-

quency. Let us consider the fundamental cyclotron interaction, &o/y

where (1+p.p/mIC)we ppIeI3/ffcY) and p is the electron momentum

vector. The electron Larmor radius is in general much less than the

radiation wavelength, i.e., rL= yv.8/Qo B k/2Tr << , where v. = B is

the transverse electron velocity. The minimum radiation spot size is

much greater than the Lam)r radius, ro>X>>rL. Therefore, by choosing

the width of the electron beam to be somewhat less than the Rayleigh

length, Lb< 3, the resonator fields in (1) felt by the electrons can

be accurately approximated by the plane wave fields,
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Ex (y,z,t) = E(z) sin (wy) cos (Ult) , (2a)

By(y,z,t) = E(z) cos (!-y) sin NOt , (2b)

where E (z) = E exp (-z2/r) andEy =

We now express the particle momenta p and transverse position (xy)

as functions of Lagrangian independent variables. In general, a convenient

set of Lagrangian independent variables for this problem are the z position

of the particles, the initial momentum space angle 00, initial transverse

- coordinates of the guiding center Xgo and ygo and the particle entrance

time into the resonator field to. Since the resonator fields fall off

like exp(-z 2/r.2), the entrance position of the sheet beam zi can be* n

taken to be a few spot sizes away from the y axis, lzini>>ro. In our

present analysis, Xgo= 0, tYgol < Lb and to is the time the particle

crosses the z = Zin plane. The functional dependence of the particle

momenta vector and transverse coordinates is p =(ZYgoolto),

x = x(zYgo ,Oo,t o ) and y = y(Z,Ygooto).

The orbit equations for the electrons are

Pz 4p = - lei (ymoEx+oy(Bo+Bz)/c), (3a)

Pz q, = lel lox (Bo+Bz)/C '(3b)

F = 0, 
(3c)

where the fields Ex and Bz are given by (2), with t replaced by the

Lagrangian time variable T (Z, Ygo' 00, to) = t0 + Jdz/vz and vz=

Zin

Pz(ZYgo0 0oto)/y(ZYgoo 0 to) mo is the longitudinal particle velocity.
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Note that Pz is a constant of the motion denoted by pzo, hence, vz  0

* unless pzo 0 0. The Lagrangian time variable, 1, is the time it takes

a particle to arrive at z if it crossed the Zzin plane at time to with

a momentum space angle 00 and guiding center position (Xgo=0, Ygo=O). Since

we are considering only the fundamental cyclotron interaction, an appro-

priate representation of the solutions of the orbit equations in (3) are

px(z) = Pxg(z) + p (z) cos (WT+O), (4a)

p y(Z) = pyg (z) + pj(z) sin (wT+0), (4b)

where Pxg pyg are the components of momenta associated with the guiding

centers, pLis the transverse particle momentum and wT+o is the particle

momentum space angle. In (4) the dependent variables Pxg'pyg, p1 , and

0 are assumed to be slowly varying functions of z as well as functions of

Ygo' 0o and to. By "slowly varying" we mean that the quantity has no high

(cyclotron) frequency Fourier components. The variables pxg'pyg, p and

0 are not functionally independent of each other. In fact, by requiring

that they be slowly varying functions of z, we will derive four separate

but coupled equations which uniquely determine them. The field amplitude

E(z) defined in Eq (2), denotes the profile of the radiation beam and is

I a slowly varying function of z since the electrons undergo many cyclotron

orbits while traversing the resonator fields. The initial values of

dependent variables upon entering the open resonator fields are

Pxg(ZZin) = pyg(zin) = O, o zin) = Povz(z=zin)=vzo=pzoYomo and

Oz=zin) = 00. Furthermore, it will be shown that the guiding center

drift momentum of the particles is much less than the transverse momentum,

i.e., lPxgl,lpyg' << pL. Noting the form for py in (4b), we see that the
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dependent variable y can be approximated by

y moL Cos (wr+O), (5)
g mj20

where yg is the slowly varying y position of the guiding center, hence,
pyg = P zo dy /dz and pjm 0 o = rL is the electron Larmor radius.

We now substitute (4a,b) together with (5) into the orbit equations

(3a,b) and carry out the appropriate operations.Keeping in mind that E(z)

is a slowly varying function of z we equate rapidly varying terms and

slowly varying terms and discard all frequencies of order 2no. These manip-

ulations yield four interrelated self-consistent non-linear equations describing

the spatial evolution of p., ®, Pxg and pyg, When rL<<X , these equations are

- o sin ( yg) cos O+cos (f Yg)( cos 0 + sin E) I6a)
Lz m2p n i cc j

dO= (Q 0-y() mo/Pzo + JeLyo sin fy) sino - cos (."y)

dZ ZO 'p.L c g c g

Ixg sin 0 - m2o- C (6b)SmoC mcco
m0 cm0 i

xg eIFEP, Cos yg sin o (6c)

4' _le P ('_y_ ) cos ( y.) cos E) (6d)
p cg

PY9 = Q- :c 0 ;o(

where dy/dz = pyg/Pzo and y=(l+(pz + p )/m~c2) , Equations (6) com-

whr qy9 9/z zo 1

pletely describe the non-linear steady state particle dynamics for the

fundamental cyclotron interaction. Since rE/8 0 <<l,it is noted from (6c)
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and (6d) that JPxg'P Jyg<< P.,' justifying the corresponding earlier

assumption. The trajectory of each electron is described by the set of

equations in (6). The initial conditions, however, are different for each

electron, as required by the input distribution. For an entering cold un-

bounded electron beam, the initial conditions are such that at

Pxg=0 , Pyg=O, P.= poq Pz=Pzo ' O=eo where eo ranges from 0 to Z, and

Yg=Ygo where Ygo ranges from -Lb/ 2 to Lb/2, while PJo and Pzo are the

same for all electrons.

The equations in (6) can be considerably simplified by noting from

(6c,d) that Pxg/moc O(yv E/28o) <<1 and Pyg/moc O (PxgAw/Mcw). Hence,

the second and third terms in the brackets on the right hand side of

(6a,b) can be neglected and yg in (6a,b) can be replaced by ygo- The

resulting equations are

d . e yE sin (.Y9o) cos 0 , (7a)

TZ_ 2zo

do = (Q -yw) m + e lneEvm sln( l ygo_ sin e. (7b)S mozo 0 0 z pzop c go

These equations are very similar to those analyzed in our initial studies

of the non-linear behavior of the cyclotron maser instability.

In a temporal steady state oscillator the efficiency of converting

beam power to radiation power is given by

n a (Pb,in-Pb,out/Pb,in (8)

where Pb,in and Pb,out is the total electron beam power flowing into and

out of the open resonator in the z direction. For the cold beam

distribution presented earlier, the efficiency, as defined in (8), can

9
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be shown to give

2Tr/w Lb/2  2rn J~Z Zot f -ff"oE 9
(-Y 1)v m 2 c2  f 2-Ti7w L o 9oo 0o zooac f00

z=Zin -Lb/12

Using (2a) and (4a) we find that

ExPx sin c go) cos 0 (10)

where we have used the approximations Y=Ygo dnd Pxg 0. Substituting (10)

into (9) and noting that ExPx is independent of to we obtain for the

efficiency the expression
Z=Zout  Lt/2

Ti - o(olVzmC w -z d

z=Zin
-Lb/2

2Tr

f OoE (z) e(,,0Ygo)Sin( !Ygo))COS O(Z,EO,Ygo). (I

jout 2-ff f

The expression in (11) gives the full non-linear steady state operating

i efficiency. Before solving (11) in the full~y non-linear regime it is

! illuminating to first solve the orbit equations in the linear regime

and thereby obtain the analytic form for the efficiency. The orbit
(W ) ()+(,1

equation in (7) can be linearized by setting p, = p, p and 0=-0 o

where p(O) and 0(1) are zero order quantities in the field amplitude, E,

and p,(1) and O(O)are first order quantities. Solving (7) we find that

( 0) = P.Lo 9 (12a) .

() 0 ClZ.(1b)0 V m cin

10
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00)

Nw subst in(1 io E(z) cos c (12
trve at te fo Zin

•ou v., W i ( 1 p

eIsn( go  /z j zE(z)cos 0 (12d)

zo ZO zin

where Aw = w -Q0/yo is the frequency mismatch.

Now substituting (12) into (11) and carrying out the yg integra-

tion we arrive at the following expression for the linear efficiency

2-I

w/c K/ dc0 E zzosn (z z) E~-cs (zz (13)

8 ooy - I)T fdzz ) +

J)iff(z Aw/w)~
2 zzo

in zi n
n

zin

where E(z) denotes the profile of the radiation beam. In the present
22

case the radiation beam has a Caussian profile given by E(z)=E exp(-Z/r ).

Substituting this form for E(z) into (13) and taking the beam entrance

and exit planes to be respectively zin=- and z ,out the integrations

over z,z and.z can be carried out analytically. The overall expression

for the linear, small signal, efficiency takes the rather simple form

7 T ( ) 2  e ( 0 /W)2 [ o 2 - (14)T -16 o-1 ( Bo_ _0e2 w

where Co = (row/c)/czo. Unlike the case of a beam propagating along the

z axis, the structure of n is non-oscillating tn,say,ro. The reason for

this is that the radiation field is a smooth function of z and has no

11



abrupt change in behavior at the entry and exit points of the electrons.
From (14) we see that the efficiency is positive when Aw/w>2/(ao&o)2 ,

hence, the output frequency is always slightly higher than the relativistic

cyclotron frequency. For typical choices of parameters, the term
a22&Jo'o(w/w)/2 is much greater than unity. In this case the linear

efficiency maximizes when the frequency shift is Aw= /o

Appendix A contains a derivation of the small-signal efficiency

at the fundamental as well as at all cyclotron harmonics using the

linearized Vlasov equation. In this appendix the linear efficiency

expression is derived for the cases where the electric field of the

radiation beam is polarized in the x direction, i.e., polarization

considered in the body of this paper, as well as in the z direction.

The former polarization of the electric field is shown to result in

substantially higher linear efficiencies compared to the latter polari-

zation. In conventional electron cyclotron masers the particle inter-

acts with the TE mode of the structure. This corresponds, in our

present configuration, to the electric field polarized in the x

direction. Polarization of the electric field in the z direction

would correspond to a TM mode interaction in the conventional configuration.

In order for the system to operate in the assumed steady state,

there must be losses which just compensate for the power loss of the

electron beam. These losses are composed of both the output radiated

power, and the real losses due to diffraction or dissipation in the

mirrors. All of these losses are characterized by the Q of the cavity

so that the total power out of the resonator is Pout=Wstored/Q, where

12



I2
,stored is the energy stored in the cavity, which is proportional to E2.

Since linear theory shows that power lost by the beam is also proportional

to E0, the operating field amplitude cannot be determined by linear theory

alone. Thus the oscillator, unlike the amplifier, is an inherently non-

linear device.

As will be shown in the next section, where the nonlinear electron dy-

namics are calculated,the power lost by the beam ultimately levels off as Eo
0

increases. Thus the actual operating point can be calculated from the inter-

section of the graphs of power loss by the beam, and power lost by the

cavity, as functions of E', shown schematically in Figure 3. It is

apparent that steady state can be achieved only if the losses are small

enough that the two curves intersect. Also, for the optical cavity

configuration, we find that the power lost by the oeam never becomes

negative as E2 increases. Thus steady state operation is not possible
0

without power loss by the cavity.

The threshold condition for starting the oscillations in the

resonator is

n b ,in pstored/Q ' (15)

where~tored= (E2/8T) wr L is the stored field energy. To obtain the

threshold electron beam power, necessary to start the resonator, we use

the small-signal efficiency in Eq. (14). Substituting the maximum small-

signal efficiency, i.e., when oAw/w-=1, into (15) we find that the

product of the beam power and resonator Q needed to start the oscilla-

tions is l q  4.6x10 O yo(Yo.1)elo/802(watts . (16)

13



Throughout our analysis on the quasi-optical maser we have made

the tacit assumption that the energy lost by the electrons goes into

supporting the assumed Gaussian radiation beam. This assumption is

common to all conventional oscillator problems and has been proven

valid experimentally. Though we have not rigorously proven this point,

concerning our present configuration, we have assumed it applies here too.

14



III. MU4ERICAL RESULTS AND ILLJSTRATIONS

a) Efficiency of Maser in Uniform External Magnetic Field

As an illustration of the potential operation of the quasi-

optical maser we choose a 60 keV (yo 1.118) electron beam having initial

velocity components 6,,= 0.4 and $. 0.2. The location and curvature

of the mirrors are chosen so that the radiation spot size is 5.9 wave-

lengths, i.e. ro= 5.9X. The linear (small signal) efficiency given by

(14) is shown in Figure (4) for various values of the normalized field

amplitude, Eo/B o. The linear efficiency has a single positive maximum

when E0 w/w = 1 which corresponds to the frequency (max=(1-1/F0o)'o/Yo.

The intermode frequency separation of a resonator of length L is

6w = Trc/L. Therefore, a spectrum of natural modes can exist within

the resonator separated in frequency by 6w. When the oscillator is

first started up, the mode frequency closest to wmax will be excited

first and grow to a level where it suppresses the slower growing

natural modes further away from wmax" It turns out that the maximum

non-linear efficiency occurs at a frequency slightly higher than wMax,

i.e., for &oA/w somewhat larger than unity.

In the absence of longitudinal mode selection or equivalent

scheme,it would not be possible to take advantage of the higher non-

linear efficiencies occurring at frequencies greater than Wmax. To

suppress these unwanted modes near wmax and operate the maser at the

frequency of maximm non-linear efficiency, we will assume that a longi-

tudinal mode selector26 is employed. Another approach seems possible:

we can start the oscillator at the natural operating frequency wmax.

When the mode saturates, the external magnetic field can be decreased

is



slightly so that Eo0Aw/w 1 has the appropriate value to maximize the

non-linear efficiency. We will assume that, by using either of these

approaches, the operating frequency can be freely chosen.

The non-linear efficiency defined in Eq. (11), is evaluated by

following numerically the particle trajectories according to (6). For

sufficiently small field amplitudes, the simulations reproduced very

accurately the linear efficiency in (13). The beam entry and exit points

were taken at +2ro and the electron orbits were integrated using a 4-

point Runge-Kutta integrator. Figure (5) demonstrates the higher non-

linear efficiencies achievable at larger values of E 0Aw/w. The efficiency

in this figure is obtained by solving (11) as a function of EolBo for

4 various values o0Aw/w. A maximum efficiency of 33% is obtained for

Aw/w =7 at E lB = 2.25 x 10-2. Figures (6) and (7) show the spatial0 00variation of the efficiency within the resonator for various values of

the normalized frequency shift o0w/w and normalized field amplitude

Eo/B o0. The spatial oscillations in efficiency within the resonator

are due to the oscillations of the trapped particle distribution. The

Gaussian profile of the radiation beam is also shown in Figure (5) for

reference purposes.

The examples presented so far should not lead to the impression

that good performance is necessarily associated with frequency mismatches

significantly larger than the values corresponding to maximum linear gain.

For example, for a beam with o 0.1 and o 0.2, corresponding to

Yo 1.026 (13.3 keV), the nonlinear efficiency is plotted in Fig. 8 against

the radiation field amplitude for various values of the ratio roA. In all

cases the frequency mismatch was taken to correspond to the maximum linear

16



gain value, obtained from Eq. (14). As can be seen in Fig. 8, a peak effi-

ciency of 20% is obtained for rA = 2.S, while the values of n - 17.5t are

obtained for roA = 1.6 and 3.2. For these cases, the frequency mismatch is

given by &/w = 0.75 x 10- 2 , 1.30 x 10-2 and 0.58 x 10-2, respectively, and

corresponds to optimal linear gain value.

b) Efficiency Enhancement By Contouring External Mgnetic Field

It is possible to enhance the non-linear operating efficiency of

the quasi-optical maser by either pre-bunching the electron beam in momentum

phase angle LT-m or by appropriately contouring the external magnetic field.

Pre-bunching the electron beam, by utilizing a two open resonator Klystron

type configuration, is in principle straightforward and results in extremely

high efficiencies. However, depending on the length of the ballistic phase

bunching region (distance between the two resonators), electron beam thermal

effects may present a problem at high frequencies. Contouring the magnetic

field appears to be the simplest method for enhancing efficiency. By slightly

contouring the magnetic field, as a function of z, a more advantageous momentum

phase distribution of the electrons can be realized with a single resonator.

A significant improvement in efficiency over the already highly efficient

uniform magnetic field case can be realized in this way. Figure 9 shows the

spatial evolution of efficiency with and without magnetic field contouring.

The magnetic field in this case was decreased linearly by St between the points

z - -2ro and z = 2ro . For this variation a final total efficiency of 45 was

achieved.

c) Design Examples

We conclude with two specific detailed design examples, which will

demonstrate the potential of the configuration we have analyzed. In the
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following examples the steady state performance of the maser, operating at

150 M-z (X = 2 mm), is analyzed. The electron beam is taken to be generated

2
by a diode with a current density of 10 A/cm . Within the oscillator, the

27

electron beam has a rectangular cross section, with area A = 2royR, extending

from x = -ro/2 to x = +r,/2 and from y = -yR to y = +R, where r ° is the spot

size and YR is the Rayleigh length.

The first example deals with the 60 keV beam with 01o = 0.4 and

= 0.2, for which the efficiency is shown in Fig. S. For r0/X = 5.9, the

2beam cross section is A = 52 cm , giving a beam current of 520 A and an input

beam power of 31 MV. Due to the slight variations of the radiation field

amplitude across the beam, the conversion efficiency has to be appropriately

-2
averaged. For a radiation field of magnitude Eo/Bo = 2.4 x 10 at the center

of the beam, this weighted average efficiency is n = 28%, hence the radiated

output power is Prad t 8.7 MV. For such performance, a normalized frequency

mismatch § ow/w = 7 is required, hence i,/w = 3.77% and w/Qo = 0.93. For

X = 2 mm (w = 9.4 x 1011 sec -1), a magnetic field of B = 58 kG is required.0

In addition, by appropriately tapering the external magnetic field the output

power can be increased to Prad = 12 M. Finally, if either of the above

illustrations (with or without the external field taper) is to be achieved

by initially adjusting the external magnetic field to the value corresponding

to maximum linear gain of the operating frequency, then for a 44 cm long

resonator (i.e., equal to 2 yR) , the value of Q obtained from (16) must exceed

the 180, while the operating value of Q is 40,000.

In the above example the frequency mismatch was substantially higher

than the value required for maximum linear gain. The highly impressive

18
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performance associated with the adaptation of such a condition warrants its

implementation. The realization of such a large frequency mismatch would

require a mode selector or an external source to set up the radiation field.

However, if such ccmplications are to be avoided, excellent performance can

be achieved as will be shown. In the second example we consider a 13.3 keV

beam with -11 = 0.1 and P.o a 0.2, interacting with a radiation beam of

X = 0.2 cm and r A = 2.5, at the frequency mismatch associated with mxim=
0

linear gain, i.e. w*u = 0.75%. In this case, the cross-sectional area of the
beam is A 4 cm2 . Assuming that the diode current density of 10 A/cm2 can

be compressed to 50 A/cm2 , the input beam power is 2.7 W. For

Eo/B o0 = 2.3 x 10"3 , the average efficiency is 18%, hence the radiation power

is Prad = 0.50MW. The required value of the external magnetic field is

Bo - 54.5 kG. For this case, the linear threshold condition (16) is not

restrictive, since it simply requires that the nonlinear efficiency be

smaller than the linear value, which is the case. Assuming an oscillator

length equal to 16 yR - 63 cm, the operating value Q is 1560, larger than

the threshold value of 150, required by (16).
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APPENDIX A

Here we work out the steady state linear theory for the energy

loss of the electron beam as it traverses the wave fields in the open

resonator. In steady state, the energy equation for the beam is

a W f E.J (Al)

where WfL is the beam energy flux and J is the beam current. The con-

figuration is as shown in Figure 1. The change in beam power as it

crosses the resonator then isJ 3r EJ, so the main problem is to calcu-

late an expression for the perturbed beam current density J.

This can most easily be done by analyzing the linearized Vlasov

equation

j ejP X SR f c(0)
4 + V - )f() = jj E + . , (A2)

where a time dependence e it is assumed. The quantity f(0) is the

unperturbed distribution function, that is, the distribution function

at z=--, and f(l) is the perturbation to it induced by the fields in

the resonator. Instead of using independent variables r, E, it is more

convenient to use as independent variables the quantities (xg~ygzipj,¢pz)

where Px= p cos - z + €)
b Pz

p p, sin (_- o z + 0) , (A3)
Pz

and
and x =Xg + psin(ozM z + (A4)

m Olo

g p'cos("mo z + *)b ~Y= Yg z

mo 'o
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where Q is the nonrelativistic cyclotron frequency. These have the

advantage of being constant in the absence of the radiation fields in

the resonator. In these new variables, the Vlasov equation reduces to

Pz x)f(I) Ie( + p x af(O) (AS)
iW + fm e + ym-c

and assuming that f(o) is independent of , f(o)educes to

f ex (2pcos o- z + T_ Q m°  a + eyp'sirQp z +

)P ax g ) (z Pp •

There are two possible polarizations for the radiation. The

first is

6E = E(z) cos ky e-i t ;x+C.C.

6B - ikc E(z) sin ky e iWt ez+C.C. , (A7)

which we call TE since it has 6E - Bo . The second polarization
-iwt

6E = E(z) cos ky e ez+c.c.

6B =-i-kc E(z) sin ky e-iwt e +c.c. , (A8)
W x

is TM since 6B 4 Bo.

For TE polarization, the linearized Vlasov equation reduces to

w0- sin(m °opyg ° % 0  cos +

+ (k.-k) -G(z). (A)
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i

The perturbed distribution function then is
( yMow fZ Z -iYmZdZ

f(1) = exp i dz' exp G(z'),(Alo)

-00

The quantity we are interested in is fE*.6J dr which isQ mz

-leifp&dl.dpzd~dxgdygdz + ,) 6E*f (1 )

In doing this integral, exp(iky), which appears in the expression for 6E

must be written as exp{ ik [y - (p/ o cos (Qeoz/p z + 4)]} which is

equal to

nJ (foo--)exp i(kyg+ ni[ L l +

Then dE*J Or is given by

00 nfdZz exp i Yfk(z-z,)l E 'exp[i n1Bz M-' Z+

-0O n = .r

P L)Cos( ~+)co( +4)(Wpa. f~ (k -k) + c~c. (All)af(°)

where we have assumed that 0-= 0, that is, the distribution of guiding
_Yg

centers is uniform in the y direction (actually the dimension of the beam

in the y direction is very long compared to a wavelength), and also

have exploited the fact that no quantity except f(o) depends on xg, so

the af () term integrates to zero. Since f(o) is independent of *, the

ax 9



I
only term which does not integrate to zero over € is the zero Fourier

harmonic. This collapses the double summation over n and n'into a

single summation,so that

3 r E*_J=2zrlefxgdygdz p.zdp, rI

dz -exp i Pz - ZJ (z-z)p * *V + . (A12)

-00

where the (k-*-k) has now been explicitly included.

The next problem is to do the zz'integral. Assuming E(z) has the

form Eo exp (-z
2/r2), this integral is of the form

fz exp - + k ()2+ i z-z)]where := (ym w - n moCo)/pZ.

By completing the square, the z'integral can be done in terms of error

functions so it reduces to a single integral

T~ r 0 e =-O fdu exp[ (u + ictr l + erf u]
- 0

Since the error function is an odd function of u, the integral of the

term in the square brackets containing the error function is

0o

"U 2

i sin(2arou)e erf u
f 00

which is purely imaginary and sums to zero upon adding the complex

conjugate. Thus only the unity in the square brackets contributes to

the integral and the total result is

7 ro e "o2r2
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Hence the total result is

3~ p2. 2 2[/mwn ,%r *J l dg ~ r~ exp~
TE -

2

J, 122Pz af " 1A13)

This is the final result for the power loss of the beam as it traverses

the fields in the open resonator. To progress further, assume the dis-

tribution function

f(o) = a 6(p, - P'O ) 6(Pz -  
)  (Xg) (A14)

where cis the surface charge density of the sheet beam. The incident

power is 2

W = La(yl. (A15)
~y

Assuming n=1, w and J1 (x)= x/2 (i.e., kp. << OlA)

the integrals can easily be done and Eq. (14) can be recovered for the

efficiency. For n=2 one can also show that the efficiency has the same

basic form as Eq. (14), but it is multiplied by an overall factor of

S1 k2p'

00

which is much less than unity. Thus an interaction at the second

harmonic exists, but it is weaker.

For the TM mode an analogous calculation gives the result

fd3r E*.J "lel'2 dx dy dp 2dpz r2 exp r " ow-"nof2o
TMn = - ®  z

f 2 r **) a= -II 2 o2 xz)a (A16)
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At each harmonic, the power loss of the beam is smaller by a factor of, 2

order from what it was for the same harmonic with TE polarization.

Thus the coupling of the TH mode with the radiation in the optical cavity

is much weaker than for the TE mode.
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